
Math 565: Functional Analysis
Lecture 19

Obs . When Y
:- &

,
then BIX

, D) = X
& and the strong top is the weak on X*

Also
,

the weak top on BIXD is still the weakt hop on X* just become the

worm and weak coincide on 4.

Caution .

Weak dep on X
* (i

. e . coming from evaluating against functionals in X
&*)

is stronger than the weak dop on BIX
,
C) = X* become the latter is the

realt top on XO
,
which is strictly weaker than weck top on X* When X

is Bannch and not reflexive
.

Prop . Let X ,
" be normed us. and DEX be dense

.

Let B = BIX
, Y) be a morm-bold

set
,

so ChpT - > & fr come rcO .
Then the abspace top on 2 of the strong

top BIX
,
is is generated by the functions TATd

,
where deD .

In other words
,
if Itilh is a net and TEL Mon TitsT <=> Tid-> id

for all de D.

Remark
. The boundedness of B is required to ensure the convergent not is bold bease

unlike requences ,
convergent nets need not be bounded.

Proof via open sets .
Since the strong top on 13 is generated by the functions THTx,

lence by Lets (x + U] := > TEB : xEU] where xeX and U&Y norm-open,
it is enough to fix Tot(xU] and show that 5 V : Y norm-open and deD
sich thatTo (dtV] = (xHU)

.

Since ToE(HU)
,

we have ToxEU
,

10

B (Tox) = U to come 330
.

Set V= BsalTox) and take dED sit
. 1x-d

Note Met Te [dieBalTox] <=> IITd-Tox1 < Es (1)

Te [xN BalTox)] Es Ilix-Toxll < E
.

(2)



We show Rot To [d + Ba(tox)] = [xHBalTox)] .

Note Met Iliod-Tox(IIIToll - Ild-x11 < r. = E ,
10 Tot IdiBalTox)] by I1 .

Also
,

for
any TE(d+> BanITox)) ,

we have by (1)
11 Tx-Tox/ = 11 ix-Tdll + Ilid-tox/l = Klill . Ild-xll + 3/2 <** + 4 = 3

,

nenu Tt (x + BalTox)) by (2).

Proof via limite
.

Let ITilieIIB be net and TEC
,
and suppose

Not Tid-id

↓o each deD
.

Fix xEX in order to show Tix -> Tx
. Let &ED be such that

11x-dlk E . Then

11 Tix - Tx /l < IITix - Tidll + IITid-Tell + 1 id-Txll : VTill . 1x-dll + IITid-Tdll + KillIx-dll

= r . 1 + IITid-Tdll + r. - <E Fiber Tideid .

3r

Hilbert spaces .

An inner product on a rector space H is is a function <) : HxH->& satisfying :

lis linearity : (x + By ,
z) = <(x

,
z) + R(y ,

z) ,
for all GRED and x

, ) ,
7 EH;

(ii) skew-symmetry : (x
, 2 = sy ,

X)
,

for all xs H;

(iii) positivity : <x
,

x) :0
,
and X + 0 (=) <x

,
x > > 0

.

The space H equipped with an inner product is called an inner product space.

An inner product is on H defines a norm : for each xeH,

II x Il : = Vx, x)
.

This clearly satisfies all worm axious except the triangle inequality requires
proof. We first prove other statements

,
which are needed to preve the A-iceg.

letH be an icner prod space . Gll vectors x
,
H orthogonal ,

write xLy ,
if

(X
, y) = 0 .



Pythagorian thm. In an inner product space H
,
if rectors x1y then 1x+y= /x+ Igl?

Propf.
((x + y /1 = <x+

y ,
X+y)

= (x
,x)+ (x

, y) + <y ,
x) + (y , y) = 1x11 + 1g/? 3x

-X+Y

X

Projections. For rechers X
, y EH ,

where y *O
,

the projection of > onto(he direction ofly
X 11 is the rector proj(x): = < X

, 7 ,
3 Y, where y: typ Y.

-

=4X
, y)projProje < y,
>Y

Prop . X-projx + projx , encivalently , X-projy + y.

Proof
. 2x - projy , proje = <X

, projys - I projyll = <X
,

<x
, 7,34 .

3 - 1x
,
31 =

= 2x/ 3, (x
, 4 ,
3 - 1x

, 4 ,
37 = 0 .

Cor
.

11 projy11 = 11x11.

Proof .
IIx = 11 proj + (x-proj = Ilprojyll2+ 1x-projX/1s Ilproj 11 by Pythagor ·

Cauchy-Bunyakovski-Schwartz inequality . 1SX ,31 : KxIlyl.
Proof

.
If y

= 0
,
Ren (x

, 33 = 0 bene (x
,
03 = <X,

0 + 2x
,
03

,
and llyll =0

,
so

we have nothing be prove .

Heave
suppose y 0 . Dividing both sides by lyll,

we may assome Iyll = 1 and we need to prove 13x , 32 1 : /x11
.
But Ilprojyll= kx,ys,

so we'realready proved this .

A-inequality .

11x + y11 : 11x11 + 11 y/1 .

Proof. (( x + y(k = (x +
y ,

X +y)
= (x

,
x) + (x

,
3) + <y ,

x) + 2y , ))
= 1x() + [Re(X

,y)
+ 11s /12

= llx112 + 21(x
, yc| + ly/2 1x + 2lyllill +l = (x+?

Thes 11 . 11 : = VET is indeed a worm on H
,
which makes I inte a wormed



recher
space .

When I is complete ,
we call it a Hilder space .

Examples .
(a) &" is a Hilbert space when equipped with the inver product :

(x
, y) = = [x(i)yTi) .

ich
Then 11x11=> = 1 x/le -

16) More generally ,
for any measure space (,M) ,

the space ((X,M) is a Hilbert

space when enzipped will the inver product:

If
, j

>: = Side.
In particular

,
for any set I

,
1"(1) is a Hilbert space with the inner

product <
, 73 : = Z x (i) · yTil ,

and example (a) is just e"(n) = &"
.

-

Again ,
the norm is just it te 22 norm .

1) let D(x] be the space of all polynomials and view it as
We equip &(x) with the following inner product. For f

, g
& ((X)

,
write

F(x) : Zaix" and g(x) : Ebix" for some neI
,
and put If

,3) :=:tiich

/Thisallowforviewing-Ibert

space and'IN) is its completion.

(d) let K(x) be again the
space

of polynomials ,
but view it as a subspace of

2 : = [ (S0,
B

,
X)

.

In other words
,

think of the indeterminantx as taking values in 10
,

1),
which turns polynomials into continuous functions on

10
,

13. Then K(X) is equipped
with be inner product of ? i

. e
.

<f
,gl

:

-Sigdx . By Weierstrass's them a

polynomials are uniformly dense in 2(10,1)
,
which implies that they are also dense

in <190
, 13) in the 2"norm Ibane 10

,
13 is a finite measure space). We also proved last

demester that <10 ,
1 is dense in ? /in the"norm

,
so &x3 is dense in ??

In particular ,
DEx) in not a Hilbert space

and L(CO
, 1 ,

4) is its completion.


